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Abstract 

By a new approximate method, dimensional free Harnack inequalities are established for a 
class of semilinear stochastic differential equations in Hilbert space with multiplicative noise. 
These inequalities are applied to study the strong Feller property for the semigroup and some 
properties of invariant measure. 
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1 Introduction and main results 

The main aim of this paper is to prove Harnack inequality for semilinear stochastic equations on 
Hilbert spaces with multiplicative noise. This type of inequality, which was proved for the first 
time in [15], has became a powerful tool in infinite dimensional stochastic analysis. There are 
many papers prove this type of inequality for SPDE with additive noise, see [31 El El El QUI Ell 
E21 EU EZ1 ESI ES] and reference therein. In [13], the log-Harnack inequality for semilinear SPDE 
with non-additive noise was proved for the first time, but by the gradient estimate method used 
there, only determine and time independent coefficient was treated. A new method to deal with 
the case of general coefficients for SDE was introduced in [T7J . This method has been generalized 
to functional stochastic differential equations, see [20J. In this paper, we generalized this method 
to the case of semilinear SPDE. There are some disadvantages for finite dimension approximate 
method here, see Remark 11.31 therefore we use the coupling argument again as in [17] with a slight 
modification. Since it seems not so clear to solves the similar equation of process Y t ( see equation 
(2.3) in [T7J ) in infinite dimension, we turn to a new process which plays the role as the difference 
of the coupling processes, we get it as a local strong solution of a SPDE and solve the equation 
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by truncation in the same sprite in [2j. By this process and Girsanov theorem, we get a coupling 
in a new probability space. On the other hand, we get Harnack inequality by another type of 
approximation. We perturb the linear term by a suitable linear operator which closely relates 
to diffusion term. It's different from finite dimensional approximate and Yosida approximate, by 
this perturbation, we get a stronger linear term and it makes us to prove the inequality for the 
perturbed equation more easy. 

Let H be a separable Hilbert space with inner product (•, •) and norm || • || , consider the following 
stochastic differential equation on H: 

(1.1) dx t = -Ax t dt + F(t, x t )dt + B(t, x t )dW t 

W = W(t),t > is a cylindrical Brownian motion on H with covariance operator I on filtered 
probability space (fi, J 7 , P, (J r t)t>o), and the coefficients satisfy the following hypotheses: 

(HI) A is a negative self adjoint operator with discrete spectrum: 

(1.2) < Ai < A 2 < • • • < A n ->■ oo, 

{A n ,n G N} are the eigenvalues of A, and {e n }^ are the corresponding eigenvectors, the 
compact C semigroup generated by —A denoted by S(t). 

(H2) F : [0, oo) x Q x H H and B : [0, oo) x ft x H -> L(H) are ^ x 38{H) measurable, 
here is predictable cr-algebra on [0, oo) x Q and L(H) is all the bounded operators on 
H, and there exists an increasing function K\ : [0, +oo) — > [0, oo), such that 

(1.3) \\F(t,x) - F(t,y)\\ + \\B(t,x) - B(t,y)\\ HS < #i(*)||x - y\\, 

for all t > 0, x G if, P-a.s, here || • \ \hs denote the Hilber-Schmidt norm, and there exists 
r > 1, such that for all t > 0, 

(1.4) iQT ||F( S ,0)||d^ <oo, 

(1.5) sup / (E\\S(u- s)B(s,0)\\x S )~ ds < oo, 

ue[o,t] 7o 



(H3) There exist a decreasing function p : [0, oo) — > (0,oo), and a bounded self adjoint operator 
B satisfying that there exists {b n > 0\n G N} such that B e n = b n e n and 

(1.6) B(t, x)B(t, x)* > p(t) 2 Bl Vx G H, t > 0, P-a.s., 



(H4) Ran(B(t, x) - B(t, y)) C @(B : ) holds for all (t, x) G [0, oo) x H, P-a.s., and there exists an 
increasing function K 2 : [0, oo) — )■ E such that 

2(F(t, x) - F(t, y),B^ 2 (x - y))+\\B^(B(t, x) - B(t, y))\\ 2 HS 

<K 2 {t)\\B,\x-»- 

holds for all x,y G ^(Sq" 2 ) and all t > 0, P-a.s., 
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(H5) There exists an increasing function K 3 : [0, oo) — > (0, oo), such that \\(B{t,x)*—B{t,y)*)BQ 2 (x- 
< K 3 (t)\\x — y\\H holds for all x, y E H, t > and x — y E ^(B^ 1 ) almost surely. 



Remark 1.1. (1) Under (B^), we can replace @{B 2 ) in (B^) by \J n H n , where H n = spanjei, ■ • • , e n }. 

(2) (B^j equals to that Ran(B(f,x)) D Ran£? and \ \B(t, x)~ l z\ \ < p(ty 1 \\BQ 1 z\\, for all z E 
^(Bq 1 ), t > 0, F-a.s., 

(3) (BJ)\) will be used as a condition in addition to get Barnack inequality, and by (LUty, B^^B^t, x) — 
B(t,y)) is an bounded operator, so in (BJjty we only require x — y E ^(Bq 1 ). 



For the proof of Remark II. 1[ see Appendix. We state our main result of this paper 
Theorem 1.2. If (BJ\)-(B^ hold, then 

(1.7) P T tegf(y) < log P T f(x) + K2 ™ X ~^ H ° , V/ E & b (H),f> l,x,y E H,T > 0. 

//, in addition, (B^j holds, then for p > (1 + ~My ) 2 ? $p,t = K% V ^p-(y/p — I), the Barnack 
inequality 



(1.8) (PtMT < (PrF(x)) exp 



K 2 (T)^p(^p-l)\\x- y\\% Q 



A5 p , T [{^p-l)p{T)-5 PiT \{l-e^) 

holds for allT > 0, x,y E H and f E ^(B), where \\x\\ 2 Hq = ES) e n ) 2 > H = ^(B^). 

Remark 1.3. One may use the finite dimension approximate method to get the Barnack inequal- 
ities, but here we mention that there are difficulties to overcome and it may not be better than the 
method used here. Let ir n be the projection form H to H n , then get the following equation on H n 

(1.9) dx™ = -A n x?dt + F n (t, x?)dt + B n (t, x?)dW?, 

where, 

(1-10) A n = 7r n A, F n = 7r n F\ Hn , B n = 7v n B\ Hn , W n = ir n W, 

one may find that after projecting to lower dimension, an invertible operator may become degen- 
erate, for example, an operator has the matrix form, ( ? n ) > under the orthonormal basis 



x 1 , 

{ei, 62}. It's easy to find that it's degenerate after projecting to the subspace generated by e\. By 
(B^D, one may replace B by its symmetrization \J BB* , but constant may become worse in (Bj$) 
and (B^j, see remark after theorem 1 in and it seems not easy to get similar estimate for 
y/BB* as in 



2 Proof of Theorem 11.2 

Fixed a time T > 0, we focus our discussion on the interval [0,T]. In order to prove the main 
theorem, we need some lemmas, and denote Ki(T) by Ki, i — 1, 2, 3, for for simplicity's sake. The 
first lemma prove the existence and uniqueness of mild solution of the equation (11. ip . and give 
some estimates. 
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Lemma 2.1. Under the condition (BJ\) and (I{E), equation ( fi.il) has a pathwise unique mild 
solution and 



(2-i; 



sup E\\x t \\ r < C(r,T)(l + E\\x \ 
te[o,T] 



Proof. The existence part goes along the same lines as that of Theorem 7.4 in jl], if we can prove 
that there exists p > 2, such that 



(2.2) 

and 
(2.3) 



sup E 

te[o,T] 



sup E 

te[o,r] 



[ e -^- s)A F(s,x s )ds 
Jo 



< 00, 



-(t-s 



^ A B{s,x s )dW s 



< 00 



sup E||a; i || p < 00. 
te[o,T] 



for all H- valued predictable processes x defined on [0, T] satisfying 
(2.4) 

In fact, for r in (HT5]), 

[ e^ {t ~ s)A B{s,x s )dW, 
Jo 

f e-^ A (B(s,x s ) - B(s,0))dW t 
Jo 



sup E 

te[o,r] 



< sup E 

te[o,T] 



+ sup E 

te[o,T] 



■ (t - sM 5(s,0)dlf s 



<C(r,T)(l + E|| 2 ; t |r)+ -(r-1) sup / (E\\S(t - s)B(s, 0)\\ r HS )r ) < 00. 

xz J te[o,T\ \Jo / 

F is treated similarly, we omit it. Estimate (12. ip follows from Grownwall's lemma. For the 
uniqueness part. If x],x 2 are mild solutions of equation (II. ip . then 

E sup ||x* — x 2 \\ r <2TE sup / | \S(u - s)(F(s, x]) - F(s, x 2 s ))\ \ r ds 

u£[0,t] u£[0,t] Jo 



(2.5) 



+ 2 r E sup || / S(u- s)(B(t,x l s ) - B(t,x 2 s ))dW s \\ 
«e[o,t] Jo 

<TT [ E\\x 1 u -x 2 u \\ r ds + C(r,T)E [ | \x] - x 2 s \ \ r ds 
Jo Jo 

<C(r,T) [ E sup ||xi-x^|| p d5, 

Jo u&\0,s] 



by the second inequality, Esup ug [ 04 ] ||x* — x^|| r < 00, then by Gronwall's lemma, x\ = x 2 , V£ G 
[0,T], P-a.s. 

□ 
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Denote A e = A + eB^ 2 , S>(A e ) = 3>(A) f] @(Bq 2 ) C @(Bq 2 ), it is a self adjoint operator, the 
eigenvalues of A t are {X n ,e '■= A„ + eb~ 2 \n G N} and the eigenvectors remain {e n \n G N}. In fact, 
one can define a self adjoint operator A by 



+00 



(2.6) @{A) = I x G H I ( A « + efe n 2 ) 2 (^, e n ) 2 < +00 

I n=0 

+00 

(2.7) Ax = ^2 (^n + e^n 2 ) ( x ) e n )e n , 



n=0 

-2 



then by basic inequality and spectral decomposition of A and B , it is easy to see that A = A e . 
Lemma 2.2. For the mild solution of equation 

(2.8) dx e t = -(A + eB^ 2 )x £ t dt + F(t, x e t )dt + B(t, x t £ )dW t , 4 = x, 
we have 

(2.9) lim E||x t - x e t \\ 2 = 0, Vt G [0,T]. 

e->0+ 

Proof. Since 

(2.10) x t = e- M a;+ / e - ( *- s)j4 F(s, x s )ds + / e - (t - sM 5(s,i s )dlf s , 

Jo Jo 

(2.11) x e t = e- t( ' A+eB ^x+ f e^ t - s){A+eB o ) F(s,xl)ds+ [ e -^ A+eB ^B(s, x e s )dW s , 

Jo Jo 

then 

||^-x, e || 2 <3||(e-^o- 2 _i) e (-^) x ||2 

+ 3| I f (e- {t - s)A F(s, x.) - e -^- s){A+eB ^ ] F(s, x e s ))ds\ \ 2 
Jo 

+ 3|| / (e- {t - s)A B(s,x s ) - e- {t - s){A+eB ° 2) B(s,x e s ))dW s \\ 2 
Jo 

-Ji + I 2 + h- 
It's clear that lim e _;.o+ h — 0- For I 2 , we have 



(2.12) 



(2.13) 



Since 



h < 6T f\\{e-^ A - e^ ( '" s)(A+eS o- 2 ))F( S ,x s )|| 2 d S 
Jo 

+ 6T / \\e-^ A+ ' B o 2 \F(s, x s ) - F(s, xl))\\ 2 ds =: I 2>1 + J 2 , 2 , 
Jo 



(2.14) |[( e -(*— M - e^'"^( A+ ^ 2 ))F( S ,x s )|| < C(l + 

(2.15) lim ||(e- (f - s)A - e- ( '- s)(A+eB °~ 2) )F(s,x s )|| = 0. 

e-»0+ 
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By domain convergence theorem lim £ _ 5 . + E/2,1 — 0. On the other hand, 

h,2 < 6T f \\e^ s){A+ ^\F{s : x s ) - F(s,xl))\\ 2 ds 
Jo 

<6T \\F(s,x a ) - F(s,x^)|| 2 ds < 6TK\ / \\x s - x e s \\ 2 ds. 
Jo Jo 



(2.16) 



For h 



(2.17) 



and 



(2.18) 



since 



E/ 3 < 6E|| / (e- {t ~ s)A - e- {t - s) ( A+eB ° 2) )B(s,x s )dW s \\ 2 
Jo 

+ 6E|| f e-^ A+ ^o 2 )(B(s,x s ) - B(s,xl))dW s \\ 2 = J 3>1 + J 3 , 2j 
Jo 

EJ 3i i <12TE|| r(/-e- (t - s)eB o" 2 )( e -(*-^ J B(s,0))dW s || 2 

+ 12TE|| / (e^ ( ^ s)A -e- (t - s)(A+£ ^ 2 ))( J B( s ,x s ) - B(s,0))dW s || ! 

<12TE / - e- {t - s)eB o 2 )(e~ {t - s)A B(s,0))\\ 2 HS ds 
Jo 

+ 12TE f - e-^-^o^ie-^-^iBis^s) - B(s,0)))\\ 2 HS ds 
Jo 

= '-h,l,l + -^3,1,2 j 



+00 



(2.19) ||(/_ e -(*-^o~ ) e -^ A B(s,0)\\ 2 = J2\\( e ~ (t ~ s)tB " -I)e- {t - s)A B(s,0)t 



n=l 



and 

(2.20) lim||(e- ( *- s)£ ^ 2 - l)e~ {t - s)A B{s,0)e n \ \ = 

e— >0 

(2.21) 1 1 ( e -(*-)^ - 2 _ j) e -(*--Ms(s, 0)e n | I < | | e -^ A B(s, 0)e n | | 
(2.22) 

and by (H2j 

(2.23) E/ V||e- (t - s)A B(s,0)e n || 2 ds = E / ||e- ( *- s)A B(s, 0)||^ 5 ds < 00. 

Jo n=1 Jo 

By dominate convergence theorem, lim^o h^i = 0, Note that B(s,x s ) — B(s,0) G Lhs(H), and 



1 1 (J - e- (t - s)eB o)e- {t - s)A {B{s,x s ) - B(s,0))\\ 



2 

HS 



(2 24) +oc 

= ^||(J- e- ( *- s)£B o)e- (t - s)A ( J B(s, x s ) - S(s, 0))e r 



n=l 



and 

(2.25) - e-^ s ^ 2 )(e-^ A (B(s,x s ) - B(s,0)))e n \\ 2 < \\(B(s, x s ) - B(s,0))e n \\ 2 

(2.26) E V (((^(s, x a ) -5(s,0))e n || 2 ds < E / ||x s || 2 ds < oo, 

Jo n=1 Jo 



by dominate convergence theorem, lim e -).o — 0. Finally, 

(2.27) E/ 3i2 < 6TE [ \\B(s,x s ) - B(s,x e s )\\ 2 HS ds < 6TK 2 E [ 

Jo Jo 

Now, we have 

(2.28) E\\x t -x e t \\ 2 < il> e (t) + C(T,K 2 )E [ ||x s -^|| 2 ds 

Jo 

for some ip € {t), which satisfies lim e _>o ip e (t) = 0, then by Gronwall's lemma, 

(2.29) limE||x t -^|| 2 = 0, Vte[0,T]. 

e— >0 

Firstly, we shall consider the following equation, £j = ^^(1 — e K2 ^~ T ^), 

dz t = - A £ ztdt + {F(t, x t ) - F(t, x t - zt))dt + (B(t, x t ) - B(t, x t - z t ))dW t 

(2.30) 1 1 

- —{B(t, x t - Zt) - B(t, x t ))B(t, x t )~ l z t dt - —z t dt, z = z. 

Note that, by (H2HHHD, 

(2.31) F(t, x t ) - F(t, x t - z t ) G H, (B(t, x t ) - B(t, x t - z t )) G L HS {H, H ), 

(2.32) {B(t,x t - z t ) - B^x^Bit^t)- 1 G L(H ,H ), 

it's natural to solve the equation in H , we shall search a suitable Gelfand triple. To this end, 
should restrict the operator A e to H . 

Lemma 2.3. Define A e as follows 

(2.33) ®(Ao, e ) = B (@(A e )), A , e x = A e x^x G B (9(A £ )), 
then, A , e is well defined and (A , e , B (@(A e ))) = (BoA.Bq 1 , B (@(A e ))). 

Proof. It's well defined. In fact for all x G B (S>(A £ )), 

+00 +00 +00 

(2.34) $> n , e (*,e n > 2 = Y, X2 nA(Bo 1 x,e n ) 2 < \\B\\ 2 H ^(^(B^x, e n } 2 < +00, 

n=l n=0 n=l 

then x G @(A e ), and 

+00 +00 

(2.35) ^C(A e x,e n ) 2 = J2 X le( B o^,e n ) 2 < +00, 

n=l n=l 



then A e x G ^(Bq 1 ), Vx G B (@(A e )), i.e. A e x G H . Finally, for all x G B (@(A)), 
(2.36) BqA £ Bq 1 x = A.BqB^x = A e x = A 0tt x. 

□ 

Now, we can define our Gelfand triple. Let 

(2-37) (V,||-||v) = (^(4,e),ll4 1 e-|k), 

_ 1 

then (V*, || ■ ||y«) is the complete of (H , \ \A ^ ■ \ \h ), V* D H D V is the triple we need. Since 
@(A e ) C 3}(Bq 2 ), @(A Q ,e) C £}(Bq 3 ), we have the following relationship moreover 



(2.38) 



V* d Hd H d 3>(B 2 ) d V. 



Lemma 2.4. If conditions (B^J\)-(B^) hold, equation A2.30\) has a unique strong solution up to the 
explosion time r. 



Proof. Let 
(2.39) 



B(t,x t ) 1 v, 

Gn{t,v) = <; £(£ jXt )-l nv 



M\h - 



\v\\ho < n, 
\ v \\h > n, 



and for simplicity's sake, we denote 

F(t,x t - v x ) - F(t,x t - v 2 ), G n (t,«i) - G n (t,v 2 ), B(t,x t ) - B(t,x t - z t ) 
by F{t,V2,v\), G n (t,Vi,v 2 ), B(t,z t ) respectively. We consider the following equation firstly, 

/ dz t = - A 0te z t dt + F{t, z u 0)dt - -z t dt + -B(t, z t )G n (t, z t )dt + B{t, z t )dW t 

(2.40) 6 6 

=:A n>e {t,z t )dt + B{t,Zt)dW t 

It's clearly that the hemicontinuous holds, since G n (t, •) remains a Lipschitz mapping from Hq to 
H. By the direct calculus, see Appendix, we get that, for all v, Vi,v 2 G V, 

(Al) Local monotonicity 



< 



2 y * (A n>£ (t, v x ) - A n>e (t, v 2 ), Vl -v 2 ) v + \\B(t, v 2 ) - Bit, v x ) \\l Hs(H . 
W^-2 if^Boll 2 r— 2 /2#T I|H 

K 2 + 7 + TTTT-o + 7 V^ K a + \ \\ B 



H ) 



6 



e 2 & 2 6 



X 



x \\v 1 -v 2 \\ 2 Ho -2(l-6 2 )\\v 1 -v 2 \$, We (0,1). 



(A2) Coercivity 



2 V , {A n , e (t, v),v) v + \\B(t, v) | \ 2 Lhs(h>Ho) 

^2-2 n 2 Ki 



<-2{i-n\ v \\i + c^^ + ^ 



)\\v\\ 2 Ho ,V5e(0,l] 
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(A3) Growth 



IK,e(M)||y. < 



-K 2 +[l 



ll^oll 4 ^! 



(i + IHlU 



Since 

(2-41) ll^(*,«)lli„ = ll^o^C*,^)!!™ < ^"alMllro + l-^ol | s | M W M U - 

does not satisfies the condition (1.2) in [6], but by the basic inequality one can check that the proof 
in Lemma2.2 goes on well, see Appendix B. By the estimates above and Theorem 1.1 in [6] for 
any T < T, equation (I2.40p has unique strong solution (z™) te [ 0jTo ], one can extends the solution to 
the interval [0, T) by the pathwise uniqueness and continuous. Next we shall let n goes to infinite. 
Let, m > n, 



(2.42) 

definite inf = T, then 



7£ = inf{fe[0,T) | \\zT\\ Ho >n}, 



(2.43) 



zT =z + / * (-A , e z? + F(s, zT, 0) - i^)da 



-B(s 1 z™)B(s,x s y 1 zTds+ / B(s,z?)dW„ t < t», 

Jo 



by Ito's formula and (ACQ), for t < t™ A r^, we have 

d|k t n - 41 Ik - 2(B(t, - B(t, z?))dW t , z? - zDh 
= 2 v *(A n , £ (t, z») - A^(t, z?\ z» - z?) v + \\B(t, z?) - B(t, z?)\\ Lhs{h , Ho) 



dt 



K 2 + ^(nV^i + V^2||4i^ 



5 ||-|Kllv) + 



I fin 



I ^ n _ -y m I I 2 
l*t Z t \\Ho 



define 
(2.44) 
then 



®s = K 2 + 



2K X 



fin r k 



2 1 1 _n 1 1 2 • 
s \ \V. 



+ 



n^xllfioH 2 
e 2 £ 2 5 2 ' 



(2.45) 

therefore 
(2.46) 



exp 



9 As 







i n 1 1 2 

l z i z t \\H 



< 2 exp 
'o 



ty s ds 



((fi(r, <) - fi(t, Z™))dW r , < - Z?%„, 





r /•*Ar«Ar™ 1 


jexp 


-y ^ s 







71 ' 1 m 



|2 



0. 
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Note that 

(2.47) 

implies 

(2.48) 

then 
(2.49) 



E / l|z?||vds < oo, V£ < T 



/ ll^llyds < oo, Vt G [0,T), P-a.s., 
Jo 



7 n 



z™ rM , VtG [0,T), P-a.s. 



let t t T, by the continuity, we have 
(2.50) 



z n — z' 

n ' w m ' n. ' * * rn. 



P-a.s. 



If r™ < r^, z™„ = z™ n G dB^°(0), by the definition of r™, it's a contradictory. Thus r™ > r ? ™, 
similarly, r™ < r^, so r™ = r^, P-a.s. and z™„ = z™ n . Therefore, we can definite 

(2.51) z t = 4\ t < r"; r = supr™, 

n 

(z,t) is a strong solution of equation (12.301) . By the same method, we can prove the uniqueness 
easily. □ 

Proof of Theorem II. £1 Let 

dW s = dW s + —B(s, Xs^Zsds, s < T A r 

4s 



R s = exp 



\\B(t,x t )- l z t \ 



r n = inf{tG [0,T) \ \\z t \\ Ho > n}, 
write the equation of z in the form of W: 



2.o 

-RtatP, 



6 



-dt 



s < T A r, 



(2.52) 



dz t = -v4 , £ 2 t dt + F(t, z t , 0)dt + £(t, Zt)dWi - -z t dt, 



By It'o's formula and (HH]), for s G [0, T), and for t < r n A s, 

d||^||| =-2||2 t ||^dt + 2y.(F(t,^,0),^)ydt 



6 



dt 



(2.53) 



+ \\mz t )\\l Hs(HjHo) dt + 2{B(t,z t )dW,z t ) Ho 
< 2(F(t, zt, 0), B- 2 z t )dt + ||fl(t, ^)||! ffs( ^ o) dt 
2\\zt\\ 2 Ho 



< 



6 

2|NI 



Ho 



kii + 2( J B(t,2: t )dW,z t ) i/o 
dt + 2(B(t, z t )d#, z t ) Ho + ^IktH^dt, 
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and 

d IWIIb < _ «o dt+ ^ll^l^dt - |§||*|| a Ho df + l<B(t^)dW,^> Jo 
St St St St St 

( 2 - 54 ) = 2 " ^ + 1 1*1 l^dt + h6{t, zJdW, z t ) Ho 

St St 

St St 

by Girsanov theorem, (M^)t< S Ar n is a Wiener process under the probability Q Sjn := i? sArn P, and 

(2.55) M^dt < + [ SATn *(B(t, z t )dW, z t ) Ho , 

Jo St ^So Jo ^St 



then 

(2.56) E,„ff-Kf 

Jo St y So 

Since, by (HE} 



(2.57) 



\o g R u = - f ^\B{t,x t )^z t AW t ) + \ nW'Xt)- 1 ^ 2 ^ 
Jo 1 Jo St 

/•m ~ l r u l lz 1 1 2 

<-/ er 1 w,x t )- i ^,dw t ) + — — / ^-^dt, M < S Ar re , 

Jo 2 p(T) J ,/ & 



INI 



2 



(2-58) EirW>giW < Vs G [0,T),n > 1. 

As in [17], we can prove that {-R sAT | s G [0,T]} is a martingale. Since 

/ r Q \ w lktAr„||g „ ||^AtJ|h I I ^0 1 I p 

(2-59) %l[r„<t] — i < — i < — ~z , 

StAr„ StAT„ So 

and 

(2-OU) %l[r„<t] 1 > 1 

StATn SO 

let n goes to infinite, we have Q(r„ < t) = 0, V£ G [0, T), then Q(r = T) = 1. Now, since r = T, 
Q-a.s., equation (12. 52ft can be solved up to time T. Let 

(2.61) C = mf{tG [0,T] | ||^|| Ho = 0}, 

we shall prove that ( < T, here we assume inf = +oo. Otherwise, there exists a set Qq, such 
that P(fio) > 0, and for any u G f2 , C( w ) > T, then by the continuity of path, we have 

(2.62) inf I ||*(w)|k>0, 

te[o,T] 
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so 

(2.63) 
but 
(2.64) 



T \\y II 2 
\\Zt\\H 



Et 



T lU II 2 
\\ Z t\\H 



dt < 



dt = +00, 



\-y II 2 

\ z o\\h 



< +00, 



, 2p(T)*0£ Q 
hence, ( < T, Q-a.s., by the uniqueness of solution of equation ( 12 .52 L we have 

z t = 0, t > C, Q-a.s. 



(2.65) 



Thus, = 0, Q-a.s. 

Next, we shall construct the coupling. Since under the probability space (Q, & , R tA t^ 
(W t )t£[o,T] is a Wiener process, let y be the unique mild solution of the following equation 

(2.66) dy t = -A £ y t dt + F(t, y t )dt + B(t, y t )dW t , y = y, 
for x t , it's the unique solution of the following equation 

(2.67) dx t 



z t 



-Ax t dt + F(t, x t )dt - -fdt + B(t, x t )dW t , x = x. 
For the process x t — yt, it's the mild solution of the following equation 



(2.68) 

note that z t is a solution of equation 



z t 



du t = -A € u t dt + F(t, u t , 0)dt + B(t, u t )dW t - -fdt, 



(2.69) 



dz t = -A 0ye z t dt + F(t, z t , 0)dt + B(t, z t )dW t - -±dt, 

St 



Similar to equation (1.41), one can prove that equation (I2.68P has a strong solution in H , since 
V* D H D H and A 0je is the restriction of A t to H , by the relation ship of variational solution 
and mild solution and the pathwise uniqueness, then z t = x t — yt, Vt £ [0, T], Q-a.s. 
By the method used in |17| . we have log-Harnack inequality for equation 



(2.70) 



P T log/(y) = E Q log f(y e T ) = ER TAr \og f(x^) <ER TAT \ogR TAr + \ogEf(x e T ) 

ll X -^H^o i^ne./x, K 2 \\x-y\\ Ho 



< log Pif(x) 



log P£f(x) 



2p(T) 2 #£ 1 2p(T) 2 #(2-#)(l-e^ T ) ' 

then by lemma 1.2, let e — > 0, and choose 9 = 1, for / £ 3§^{H) and / > 1, 

^2|k - 2/| |h 



(2.71) 



Pt log /(?/)< log P T /(x) + 



2p(T) 2 (l-e^ T )' 
If (HHD holds in addition, by inequality ( 12. 55ft . we have 



E Si „exp 



sAr„ ||~ 112 
h / ^J^dt 



ft 



(2.72) 



< 



< 



exp 



exp 



h\\x — y ]] ' 



1 Ho 



eta 

0£o 



E^exp 

E s>n ^exp 
12 



2h 



e 



sAt„ 



(B(t,z t )dW,z t ) 



8h 2 Kl f sAT " \\z t \\ 2 Ho 



el 



dt 



for h 



and 



n2 psATn II 1 1 2 
y / \\ Z t\\H 

a 



8I<! jo 



(2.73) E Sin exp 
Similar to [17] . we get that 

(2.74) sup EB} S +; < exp 



dt 



< exp 



6K 2 \\x-y" 2 



AKi(2 - 6)(1 -e~ K * T ) 



6K 2 (2K 3 + 6p(T))\\x-y\\ Ho 



se[0 , T ] L8K|(2 - 6)(K 3 + 0p(T))(l - e~ K ^)_ 

and for p > (1 + K 3 ) 2 , 5 P>T = K 3 V ^(^P - 1),/ G =^ + (i/), choose = 

K 2 (T)^p(^p- l)\\x -y\\ 2 Ho 



4V[(Vp-l)p(T)-y(l-e^) 



^2(r)v^(y^-l)||a:-y||^ 

4VK^-iMr)-^ T ](i- e ^) 



□ 



(2.75) (F^( 2/ )) p <(P^(x))exp 
by lemma 1.2, let e J, 0, we have 

(2.76) (P T f(y)T<(P T f p (x))exp 
for x, y G i2> — y G 3>{B^ X ). 

3 Application 

In this section, we give some simple applications of Theorem 11.21 

Corollary 3.1. Assume that F, B are determined and independent of t and (HJ\) to (7£5J) hold. 
IfX > 0, A > K\ + 2K X and B(0) G L HS (H), then 

(1) Pt has uniqueness invariant measure \x and has full support on H , fi(V) = 1. 

(2) If sup x \ \B(x)\ \ < oo, then /i(e e °"'"«") < oo for some e > 0. 

(3) If there exists q > such that inf n 6| 9 A^ _1 > 0, then \i has full support on on Hq. 

Proof. Let (V, || ■ || y ) = (®(A?), \\A? ■ ||. Since A > and B(0) G L HS (H), by (HI]), equation 
( II. ip has strong solution and P t is Feller semigroup. By Ito's formula and Ao > K 2 — 2Ki, there 
exists a constant c > such that 



d\\xt\\ 2 < c- 



K 2 4- 2 K \ 

2(1 - -4 i)||x t ||^ + 2||F(0)|| • ||x t || dt + 2(B(x t )dWt,x t ) 

A o / 



and 



de e 



C ee™" (c - 2(1 - 1 + ^ H^H^ + -\\B*(x t )x t \\ 2 + 2||F(0)|| • \\x t \\) dt 
+ 2ee eM2 (B(x t )dW t ,x t ), 
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for sufficient small e, by Holder inequality and noting that || • ||y is compact function on H, then 
by standard argument in Theorem 1.2 in [16], one can prove (OQ) and ([2]). For ([3]), inf n fe^A^ -1 > 
implies that there exists a constant c(m) > such that 

(3-1) l|-|li <c(m)||-|| 2 + ^-||-||^ Vm>l, 

by Ito's formula, one can get following inequality, 

(3.2) d\\x t (x) -x\\ 2 < -\\x t (x) -x\\ydt + (a + c 2 \\x t (x)\\ 2 )dt + 2(B(x t )dW t , x t - x) 

here we denote x t (x) for the process starts from x, c\, c 2 are constants depend on x. Using Harnack 
inequality (11.81) . ([3]) can be proved following the line of (THJ. □ 

Corollary 3.2. Assume (B^\j to (I{5ty hold, F and B are determined and time independent, then 
for any t > 0, P t is H -strong Feller. Let fi be the P t -subinvariant probability with full support on 
H Q as in [7^] /, then the transition density p t (x,y) w.r.t. \x satisfies 



K 2 ^q(^q - l)\\x - y\\l o 
^ q [(VQ-l)p-S q ](l-e^) 



(3.3) \\p t (x,-)\\ LPM < jjf exp 

for alll<p< (ggf^, here q = ^. 

Proof. It follows the proof of [161 d HH] • 

Acknowledgement The author would like to thank Professor Zdzislaw Brzezniak to provide 
him the article [2], and Professor Feng-Yu Wang for his useful comments. 

Appendix 

A. Proof of Remark 11.11 

Proof of (1): since [J n H n is a core of B^ 2 , for any x G 3$(Bq 2 ), choose {x n } such that x n — > x 
and Bq 2 x u — > B$ 2 x, hence B^Xn — > x, as n — > +oo. Similarly, a sequence {y n } with the same 
property. Therefore 



i \\hs 



WB'^Bit, x n ) - B(t, y n )) - (B(t, x m ) - B(t, y n 
<2K 2 (\\B^(x n - x m )\\ 2 + \\B Q \y n - y m )\\ 2 ) - A{F{t,x n ) - F(t, x m ), B^ 2 (x n - x m )) 
- A(F(t, y n ) - F(t, y m ), B^ 2 (y n - y m )), 

by the continuous of F, we have that {B(t, x n )—B(t, y n )} forms a Cauchy sequence in Lhs(H, H ). 
Note that B(t,x n ) — B(t,y n ) convergent to B(t,x) — B(t,y) in Lhs(H), and B Q l is closed, we 
have B{t, x) - B(t, y) E L HS (H, H ), 

lim (B(t, x n ) - Bit, y n )) = B(t, x) - B(t, y), 

n— »+oo 

and 

2{F(t,x) - F(t,y) 1 B^ 2 (x-y)) + \\B^(B(t,x) - B(t,y))\\ 2 HS < K 2 \\B^\x 
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Proof of (2): we assume p(t) = 1, by definition, it's clear that B is one to one and has dense 
range. 

B(t,x)B(t,xY > Bl & \\B(t,x)*y\\ > \\B y\\,Vy G H, 
implies that KaxiB(t, x) D RanSo by Proposition B.l in [4], and 

INI > \\B (B(t,x)*Y 1 z\\^z G R&n(B(t,x)*). 

Since for any z G Ran(B(t, x)*), y G Ran(£?(t, x)), we have 

(3.4) {Bit, x)- l y, z) = (B(t, x)B(t, x)~ l y, (B(t, x)*)- x z) = (y, (B(t, x)*)'^), 
then 

(3.5) z G ®{{B{t, x)" 1 )*), (B(t, x)- x )*z = (B(t, x)*)- l z. 
On the other hand, for any z G @((B(t, x) -1 )*), there exists z* such that 

(3.6) (B(t, x)-^, z) = (y, z*), Wy G 0((fl(t, x)- 1 )), 
let u = B(t,x)~ 1 y, then (u,z) = (B(t,x)u, z*) , we have z = B(t,x)*z* and 

{B{t,xyy 1 z = z* = (B^x^yz, 

hence ®((B(t, x)" 1 )*) = x)*)" 1 ). Therefore, ||z|| > \\B (B(t, xy 1 )* z\\, for all z G 

RanS(t, x)*. Since Ran(£?(£, x)*) is dense in iJ, B (B(t, x)" 1 )* can be extended to be a bounded op- 
erator on H, and for all z G 17, ?/ 6 iJ, there is {£ re }n=i> ^ = z > such that lim n Bo(B(t, x)~ 1 )*z n 
B (i {B{t, x)- 1 yz, then 

(B (5(t, x)- 1 )^, = lim(5 (5(t, x)" 1 )*^, y) 
(3 7) n 

= lim<z B ,OB(t,x)- 1 )£ y) = (z^B^xy^Boy), 

n 

hence ||(S(t, x)- 1 )^?/]] < ||y||, for all y G H, let z = Soy, then ||(B(t, x)" 1 )^]] < H-B^H, for all 
-2 G ^(Bq 1 ). By Proposition B.l in [1], and the proof above, the converse is easy. 

□ 

B. For Lemma 12.41 

(1) For local monotonicity. For any Vi,v 2 G V, 

(3.8) - 2 v *(A 0;e (v 1 - v 2 ),v 2 ) v = -2|| v^VK - v 2 )\\ 2 Ho = -2\\ Vl - v 2 \\ 2 v , 

2 V * (F(t, v u v 2 ) ,v 1 -v 2 ) v + \\B(t, Vl ) - B(t, v 2 ) \\I hs{h , Hq ) 

(3.9) =2(F(t,v 1 ,v 2 ),B^ 2 (v 1 -v 2 )) + | \B \B(t, Vl ) - B(t,v 2 ))\\ 2 HS 
<K 2 \\ Vl - v 2 \\ 2 Ho 
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and 



(3.10) 



— v *(B(t,vi)G n (t,vx) - B(t,v 2 )G n {t,v 2 ),v 1 - v 2 ) v 
=- ((B(t, Ui) - B(t, v 2 ))G n {t, Vl ) - B(t, v 2 )G n (t, v u v 2 ),B^ 2 { Vl - v 2 )) 
<UB \B(t, Vl ) - B(t,v 2 ))\\ • ||G n (t,i;i)|| ■ |h - v 2 \\ Ho 



llEo- 1 ^^^)!! • \\G n {t,v u v 2 )\\ ■ \\ Vl - v 2 \\ Ho , 



note that, by (HI]), 

\\B \B(t, Vl ) - B(t,v 2 ))\\ 2 HS < K 2 \\ Vl - v 2 \\ 2 Ho - 2(F(t, Vl ,v 2 ), B^( Vl - v 2 )) 
<K 2 \\v x - v 2 \\ 2 Ho + 2K X \\B^4^ - v 2 )\\ Ho ■ \\BZ x A$4M ~ «*)lk 



hence 



(3.11) 



<K 2 \\v 1 -v 2 \\ 2 Ho + 2K 1 sup 



sup 



IK - v 2 \ 



V 



<K 2 \\vi - v 2 \\ 2 H + -KiH^oH 2 !^! - V 2 \\y, 



hB^(B(t, Vl ) - B(t,v 2 ))\\ ■ \\G n (t,vi)\\ ■ -v 2 \\ Ho 

n R 

< — {\JK 2 \\vi - v 2 \\ Ho + \ -KxWBqW ■ \\vi - v 2 \\v)\\vi - v 2 \\ Ho 
4t V e 



n 
I 



n 2 ^i||B | 



<(-^K, + - )\\ Vl - v 2 \\ 2 Ho + 5 2 \\ Vl - v 2 \\ 2 v , 



and 



(3.12) 



therefore, we have 



& 2 



h\B G l B{t,v 2 )\\ ■ \\G n (t,v 1 ,v 2 )\\ ■ \\ Vl - v 2 \\ Ho 



\B \\ • \\v 2 \\ v )\\vi - v 2 \\ 2 Ho , 



2 v *(A nte (t,v 1 ) - A n:E (t,v 2 ),v 1 - v 2 ) v + \ \B(t,Xt ~ v 2 ) - B(t,x t - v 1 )\\ 2 Lhs(H j Io) 



< 



2n^K 2 -2 n 2 K x \\B,\\ 2 2 r- 
K2 + ^ + ^ + jWKMho 



2Kx 



l^olHMv) 



x \\vi-v 2 \\ 2 Ho -2{l-5 2 )\\v 1 -v 2 \ 



v- 



(2) For coercivity: 

(3.13) -2 v *(A , e v,v) v = -2\\v\\ v , \\B l B(t, v)\\ 2 HS + 2(F(t, v, 0), B^v) < K 2 \\v\\ 2 , 
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f v *(B(t,v)G n (t,v),v) v <h\B^B(t,v)\\ ■ \\G n (t,v)\\ ■ \\v\\ Ho 



(3.14) 



hence 



<^(K 2 \\v\\ 2 + —\\B \\ 2 \\v\\ 2 v ) L i\\v\\ Ho 



In 
It 



2n, r—,, 2K lun , 

<-r(VK 2 \\v\\ Ho + yJ-^\\B \\ ■ \\v\\v)\\v\\h 



< 



,2ny/K^ 2n 2 K 1 \\B \ 



6 



2| L,| |2 



(3.15) 



2v*(Mt,v),v) v +\\B(t,v)\\l Hs{HtHo) 

■-9m i n9 ,n\fKo — 2 n 2 Ki... Il9 
< - 2(1 - OlHIv + (-^ + ^5H)IHIiro- 



^ 2 ' 



(3) For Growth: 
(3.16) ||4, je «| 
since, by (HI]), 
(3.17) 
And 



1 



1 



v* 



v \\v, \\t v \\v* = t\\ v \W*, \\F(t,v,0)\\v < -pi kl I, 



(3.18) 



we have 
(3.19) 



v,.(F(t,v,0),z)v| = |(F(M;,0),5 - 2 z>| < l^MI • ||5 - 2 *|| < ^=\\v\\ ■ \\z\\ v . 



\^B(t,v)G n (t,v)\\v < l -^\\B(t,v)G n (t,v)\\ Ho 

St V 6 St 

ll^ol 



V e St 

< W^\\(,/]^ Mho + i/^IMIvll^blUJIIrllfli,, 



IK e (*,«)||v. < 



—jT- K 2 + I 1 + — i 



v\\ 2 v (l + IMlU 



(4) For f/ie Lemma 2.2 of f^: We give new estimates to replace inequalities (2.3) and (2.4) there. 
For convenience, we use the notations there. In (2.3), we only have to replace f s ■ ||xi n ^||^" 2 by 
||xi n ^||y||xi^||i/ ■ ||xi n ' ) ||^ 2 and use the basic inequality 



(3.20) 



a-b<^+ U -b\V6>0, 



17 



and note that in our case a = 2. For (2.4), one can use the following estimate, 



R 



I \\X^\\^- 2 \\B{s,X^)\\lds 



<EMf C||xW||r 2 (ll^i B) llvll^f n) lk + 11^11^ 

< C(5x)E (jf* \\Xf>\\ 2 £- 2 \\X^\\l&^ 2 + v^E QT* \\XW\\^ 2 \\XW\$di 

< S 2 E sup \\X^\\ P H + C(6 1 ,5 2 )E \\X^\\ p H ds 

se[0,rSl Jo 



vl I R 



+ V ^E sup \\X^\\l( / \\X^\\ P h 2 \\X^\\ 2 v &s 
se[o,Tg] Vo 



< (5 2 + 5 3 )E sup ll^ll?, + ||^)||^ 2 ||^i")||^d S + 5 2 )E H^ll^, 

se[o,Tg] 4() 3 Jo Jo 

choose 82, £3 small enough and 5\ such that Jjj- small enough, using a = 2 again, then Gronwall's 
lemma can be applied as in [6]. 
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